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SUPPLEMENTAL APPENDIX S1 

 

Derivation of statistical properties of incremental validity  

Consider a regression of an outcome Y on two true scores 𝑇!, 

𝑌 = 𝛽!! + 𝛽!!𝑇! + 𝛽!!𝑇! +   𝑒! , 

with 𝑒! a random disturbance term (the subscripts indexing people are omitted for 

simplicity). Rather than observing the predictors 𝑇! directly, we instead observe two 

imperfectly measured indicators 𝑋! = 𝑏!𝑇! +   𝑒!, so that the regression we actually 

observe is 

𝑌 = 𝛽!! + 𝛽!!𝑋! + 𝛽!!𝑋! +   𝑒! . 

From these regressions we define the following parameters: 

 𝜌!: The simple correlation between Y and 𝑇!. 

𝜌!: The simple correlation between Y and 𝑇!. 

𝛿: The simple correlation between 𝑇! and 𝑇!. 

𝛼!: The reliability of 𝑋! var 𝑏!𝑇! /var 𝑋! . 

𝛼!: The reliability of 𝑋! var 𝑏!𝑇! /var 𝑋! . 

n: The total sample size. 

Note that there is the possibility that 𝑇! = 𝑇! = 𝑇, in which case 𝛿 = 1 and 𝜌! = 𝜌! = 𝜌. 

For simplicity, we assume that all observed variables are standardized to unit variance. 

Then we can write the full correlation matrix of all variables as follows: 



 𝑌 𝑇! 𝑇! 𝑋! 𝑋! 

𝑌 1 𝜌! 𝜌! 𝜌! 𝛼! 𝜌! 𝛼! 

𝑇! 𝜌! 1 𝛿 𝛼! 𝛿 𝛼! 

𝑇! 𝜌! 𝛿 1 𝛿 𝛼! 𝛼! 

𝑋! 𝜌! 𝛼! 𝛼! 𝛿 𝛼! 1 𝛿 𝛼!𝛼! 

𝑋! 𝜌! 𝛼! 𝛿 𝛼! 𝛼! 𝛿 𝛼!𝛼! 1 

 

Our goal is to find, given the parameters above, (1) the probability of 

simultaneously rejecting the null hypothesis that 𝛽!! = 0 and rejecting the null 

hypothesis that 𝛽!! = 0, and (2) the probability of simultaneously rejecting the null 

hypothesis that 𝛽!! = 0 and failing to reject the null hypothesis that 𝛽!! = 0. (Also of 

interest is the probability of rejecting 𝛽!! = 0 regardless of whether 𝛽!! = 0 is rejected, 

but note that this is simply the sum of the two probabilities just mentioned.) To find these 

two probabilities, we will consider the joint distribution of the t-statistics associated with 

𝛽!! and 𝛽!! in the observed regression. The cumulative distribution function of the 

bivariate noncentral t-distribution takes as arguments a 2×1 vector of noncentrality 

parameters 𝛍, a 2×2 matrix of scale parameters 𝚺, and the degrees of freedom 𝜈. So 

finding the two probabilities above entails expressing all the elements of 𝛍 and 𝚺 in terms 

of simple correlations from the table above. 

The noncentrality parameters in 𝛍 can be written in terms of the two partial 

correlation coefficients 𝑟!!!.!!, denoting the correlation between Y and 𝑋! controlling for 

𝑋!, as follows: 



𝛍 =

𝜈𝑟!!!.  !!
!

1−   𝑟!!!.  !!
!

𝜈𝑟!!!.  !!
!

1−   𝑟!!!.  !!
!

. 

The partial correlation between Y and 𝑋!, controlling for 𝑋!, can in turn be written in 

terms of the three simple correlations among the variables as 

𝑟!!!.!! =   
𝑟!!! −   𝑟!!!𝑟!!!!

1− 𝑟!!!
! 1− 𝑟!!!!

!
. 

where 𝑟!!! refers to the simple correlation between Y and 𝑋!, and so on. The only other 

term in 𝝁 is the degrees of freedom for the multiple regression,  𝜈 = 𝑛 − 3. 

The matrix of scale parameters 𝚺 corresponds to the variance-covariance matrix 

of the regression coefficients associated with 𝑋! and 𝑋! in the observed regression of Y 

on the two indicators. So the diagonal elements are var 𝛽!!  and var 𝛽!! , and the off-

diagonal element is cov 𝛽!!,𝛽!! . The full matrix can be written as 

𝚺

=   

var 𝑒!
(𝑛 − 1) 1−   𝑟!!!!

! var 𝑋!

var 𝑒! cov 𝑋!,   𝑋!
(𝑛 − 1) cov 𝑋!,   𝑋! ! − var 𝑋! var 𝑋!

var 𝑒! cov 𝑋!,   𝑋!
(𝑛 − 1) cov 𝑋!,   𝑋! ! − var 𝑋! var 𝑋!

var 𝑒!
(𝑛 − 1) 1−   𝑟!!!!

! var 𝑋!

. 

It turns out that if you convert this to a correlation matrix, the off-diagonal element (the 

covariance) is −𝛿 𝛼!𝛼!, that is, −corr(𝑋!,𝑋!). Anyway, recall that for convenience 

(and without loss of generality) we assumed the variances of 𝑋! and 𝑋! to be 1. The only 

other term in 𝚺 that we have not already seen is var 𝑒! , the variance of the residuals 

from the observed multiple regression of Y on 𝑋! and 𝑋!. To find this we first write 



var 𝑒! = 1− 𝑅!! var 𝑌 . 

The variance of Y is 1 by assumption, and the term 𝑅!!  is the coefficient of determination 

from the observed multiple regression, which can be written in terms of the simple 

correlations as 

𝑅!! =
𝑟!!!
! + 𝑟!!!

! − 2𝑟!"!𝑟!!!𝑟!!!!
1− 𝑟!!!!

! . 

 We are now in a position to compute the two probabilities described at the 

beginning of this Appendix, given the three simple correlations among Y, 𝑋! and 𝑋!. One 

final step is to show how one can compute these probabilities given partial correlations 

among Y, 𝑇! and 𝑇!, which we do in the main text in various places. There are essentially 

three cases to be considered: (1) the case where we are given two simple correlations and 

one partial correlation; (2) the case where we are given three partial correlations; and (3) 

the case where we are given two partial correlations and one simple correlation. 

 For case (1), we can compute the one missing simple correlation by solving the 

partial correlation formula given previously for the corresponding simple correlation, 

which yields 

𝑟!" = 𝑟!".! 1− 𝑟!"! 1− 𝑟!"! + 𝑟!"𝑟!" . 

After solving for the 𝑟!" term, we now have three simple correlations and can proceed 

using all the methods described above. For case (2), we can compute each of the three 

simple correlations 𝑟!" from the three partial correlations 𝑟!".! , 𝑟!".! and 𝑟!".! using 

𝑟!" =   
𝑟!".! +   𝑟!".!𝑟!".!
𝑟!".!! − 1 𝑟!".!! − 1

. 



Again, after applying this for each of the three simple correlations, we can use the 

methods described previously. Finally, for case (3), we first compute the one missing 

partial correlation by solving the equation just given for the 𝑟!".!  term, which yields 

𝑟!".! = 𝑟!" 𝑟!".!! − 1 𝑟!".!! − 1 − 𝑟!".!𝑟!".!. 

After solving for 𝑟!".! , case (3) is reduced to case (2), which we can handle as described 

above. 

 


