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Abstract
One approach to quantifying the magnitude of confounding in observational studies is to compare estimates
with and without adjustment for a covariate, but this strategy is known to be defective for noncollapsible
measures such as the odds ratio. Comparing estimates from marginal structural and standard logistic
regression models, the total difference between crude and conditional effects can be decomposed into
the sum of a noncollapsibility effect and confounding bias. We provide an analytic approach to assess the
noncollapsibility effect in a point-exposure study and provide a general formula for expressing the
noncollapsibility effect. Next, we provide a graphical approach that illustrates the relationship between
the noncollapsibility effect and the baseline risk, and reveals the behavior of the noncollapsibility effect for a
range of different exposure and covariate effects. Various observations about noncollapsibility can be made
from the different scenarios with or without confounding; for example, the magnitude of effect of the
covariate plays a more important role in the noncollapsibility effect than does that of the effect of the
exposure. In order to explore the noncollapsibility effect of the odds ratio in the presence of time-varying
confounding, we simulated an observational cohort study. The magnitude of noncollapsibility was generally
comparable to the effect in the point-exposure study in our simulation settings. Finally, in an applied example
we demonstrate that collapsibility can have an important impact on estimation in practice.
Keywords
noncollapsibility, odds ratio, marginal structural model, logistic regression model, confounding bias
Consider a 2 ! 2 ! K contingency table with binary exposure (A), binary outcome (Y), and a third
categorical variable (L). A measure of the exposure–outcome association is said to be collapsible if the
value obtained from the marginal table summed over the K strata of L can be expressed as a weighted
average of the K stratum-specific values.1–5 The measure is said to be strictly collapsible if the marginal
value and the stratum-specific values are all equal. In regression contexts, the measure is strictly
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collapsible in a generalized linear model if the estimate remains constant when L is included and
omitted.6
Collapsibility is a property of the specific eﬀect measure, and many examples have been used to
show that in a specific dataset, the risk diﬀerence (RD), risk ratio (RR), and odds ratio (OR) may
have diﬀerent collapsibility properties.4–8 The conditions that are suﬃcient to guarantee
collapsibility have
‘ been described previously. The RD and RR are collapsible when (i) L‘does not
vary, or
(ii)
A
YjL (i.e. A and Y are statistically independent conditional on L), or (iii) L YjA, or
‘
‘
(iv) L Y (the distributions of L are the same in the exposed and unexposed population), where
denotes
‘ statistical independence. On the other hand, the OR is collapsible under (i), or (ii), or (iii), or
(v) L AjY but not under (iv).5,9–14
Noncollapsibility has often been a source of confusion in the literature when confounding
is defined based on examination of the observed data alone (e.g. using a change in
estimate criterion).15,16 For example, noncollapsibility has been treated as confounding bias
incorrectly when comparing the OR with or without adjusting for a baseline covariate.17,18
Likewise, a covariate has been defined to be a nonconfounder if the marginal OR equals the
conditional OR.19 On the other hand, one standard definition of confounding is given as: ‘‘. . .L
is a confounder if and only if both of the following conditions are satisfied: (a) L is a cause of disease
in the unexposed cohort, and (b) L is associated with exposure in the cohort at the start of followup.’’20 Based on this definition, randomization is considered to be a gold standard for control of
confounding. Successful randomization ensures exchangeability of the exposed and unexposed
populations, so that confounding is absent in expectation (i.e. condition (iv) earlier). When the
RR or RD is used as the eﬀect measure, therefore, conditions for nonconfounding and
collapsibility are equivalent. However when measures such as the OR are used, confounding and
noncollapsibility become distinct phenomena (since collapsibility is a consequence of condition (v)
earlier, rather than condition (iv)). For example, conditional and crude ORs can be diﬀerent even in
large randomized experiments and there could be confounding bias according to the above definition
even when the conditional and crude ORs are equal.4 The distinction between confounding and
noncollapsibility is still a source of great misunderstanding in applied data analysis.
Noncollapsibility of the OR derives from the fact that when the expected probability of outcome
is modeled as a nonlinear function of the exposure, the marginal eﬀect cannot be expressed as a
weighted average of the conditional eﬀects.7,21 In the absence of confounding or when confounding
is adjusted appropriately, both the marginal OR and conditional OR are valid measures. They are
unbiased estimators for two diﬀerent parameters, and the choice of reporting the marginal or
conditional OR should depend on the research question. One should report the marginal OR if
the average eﬀect at the population level is of interest, while one should report the conditional OR if
the conditional eﬀect at the individual or subgroup level is of interest. Jensen’s inequality provides
theoretical justification for this noncollapsibility in the absence of confounding, requiring that the
marginal OR is always shifted toward the null compared to the conditional OR.22 Yet an explicit
measure of the magnitude of noncollapsibility has not been proposed and would be useful in
practice.
In this paper, we propose an approach to quantify the noncollapsibility eﬀect and
the confounding bias separately in a point-exposure study and investigate noncollapsibility in
diﬀerent scenarios. We also extend our study to a scenario with time-varying confounding, using
simulations. We compare our results from the time-varying setting to a point-exposure study with
similar characteristics. Finally, we demonstrate that collapsibility and confounding may both be
important under reasonable settings, using a simple applied example.
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1 Notation and definitions
In order to distinguish noncollapsibility of the OR from confounding, we first introduce the concept
of the noncollapsibility eﬀect. We define the noncollapsibility eﬀect as the discrepancy between the
marginal OR and the conditional OR after accounting completely for any confounding bias.
Although this is not a true causal eﬀect in the sense of a counterfactual contrast, we will
nonetheless use this terminology to refer to the disparity between two diﬀerent eﬀect estimators.

1.1

Point-exposure study

Figure 1 presents casual diagrams for point-exposure studies with exposure A, outcome Y,
and covariate L. Note L is a baseline covariate in the left panel of Figure 1, while L is a
confounding variable in the right panel.
Table 1 shows the corresponding contingency table in a point-exposure study with all
individuals recruited from the entire population (i.e. without sampling variation). We focus on
the setting where all the variables are dichotomous with levels 0 and 1.
The conditional OR (ORC ) can be estimated with a standard logistic regression model (SLRM),
with ORC equal to e! estimated from g½EðYjA, LÞ% ¼ " þ !A þ #L, where g is the logit link
function. The marginal OR (ORm ) can be estimated with a marginal structural model (MSM),
0
corresponding to e! estimated from g½EðYjAÞ% ¼ "0 þ !0 A, estimated by weighting each subject by
the inverse of the probability of receiving his/her exposure conditional on L. Finally, the crude OR
(
(ORcrude ) can be estimated with a SLRM, corresponding to e! estimated from
g½EðYjAÞ% ¼ "( þ !( A.
Since ORC and ORm are both asymptotically unbiased estimates of their respective parameters,
the confounding bias is therefore measured by comparing the two marginal eﬀects ORcrude and ORm .
The total discrepancy between ORcrude and ORC in log scale can be consequently decomposed into
two components, namely the noncollapsibility eﬀect and the confounding bias. Following Janes
et al.,23 the decomposition can be written as
logðORcrude Þ ) logðORC Þ ¼ ½logðORm Þ ) logðORC Þ% þ ½logðORcrude Þ ) logðORm Þ%

Figure 1. Causal diagrams for the point-exposure studies.

Table 1. Data from the point-exposure study.
L¼0
Y¼0
Y¼1

L¼1
A¼0
a
c

A¼1
b
d

Y¼0
Y¼1
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so that the noncollapsibility eﬀect can be measured by logðORm Þ ) logðORC Þ, and the confounding
bias is measured by logðORcrude Þ ) logðORm Þ. We propose two diﬀerent approaches to study the
noncollapsibility eﬀect in the point-exposure study: an analytical approach and a graphical
approach. The analytical approach is developed in order to derive the true value of the
noncollapsibility eﬀect as a function of related parameters, while the graphical approach is used
to illustrate how the noncollapsibility eﬀect is associated with these parameters.

2 An Analytical approach
We assume a deterministic process based on an infinite sample size. Probability therefore refers to
proportions in the source population, and we use the notation and terminology of probability for
convenience. The true OR and the estimated OR are therefore identical.
The outcome Yi for each individual i is a random variable following the Bernoulli
distribution with parameter P ¼ PðYi ¼ 1jA ¼ ai , L ¼ li Þ. The probabilities of outcome
conditional on A and L, the probability of A conditional on L, and the prevalence of L are the
related parameters of interest. The eﬀect measures ORm , ORcrude , ORC can all be computed
analytically from these parameters.
Denote the conditional outcome probabilities by P00 ¼ PðY ¼ 1jA ¼ 0, L ¼ 0Þ, P10 ¼ PðY ¼
1jA ¼ 1, L ¼ 0Þ, P01 ¼ PðY ¼ 1jA ¼ 0, L ¼ 1Þ, and P11 ¼ PðY ¼ 1jA ¼ 1, L ¼ 1Þ. Denote the
conditional exposure probabilities by PA0 ¼ PðA ¼ 1jL ¼ 0Þ and PA1 ¼ PðA ¼ 1jL ¼ 1Þ, and
denote the prevalence of L by PL . Finally, denote q00 ¼ 1 ) P00 , qA0 ¼ 1 ) PA0 , and the
analogous notations for q10 , q01 , q11 , and qA1 .
In order to address confounding without additional considerations for eﬀect measure
modification (i.e. heterogeneity), constraints were imposed to guarantee homogeneous conditional
ORs across strata of L. Denote the common eﬀect of A on Y across L by ORC , in which case P10 can
be written as a function of P00 and ORC
P10 ¼

P00 ! ORC
1 ) P00 þ P00 ! ORC

ð2Þ

A similar constraint can be made for P11
P11 ¼

P01 ! ORC
1 ) P01 þ P01 ! ORC

ð3Þ

By fixing ORC and constraining P10 and P11 as shown in expressions (2) and (3), we ensure the
common odds ratio ORC across L. It is then easy to show that
ORcrude ¼

½q00 ! qA0 ! ð1 ) PL Þ þ q01 ! qA1 ! PL % ! ½P10 ! PA0 ! ð1 ) PL Þ þ P11 ! PA1 ! PL %
½q10 ! PA0 ! ð1 ) PL Þ þ q11 ! PA1 ! PL % ! ½P00 ! qA0 ! ð1 ) PL Þ þ P01 ! qA1 ! PL %
ORC ¼
OR m ¼

P10 ! q00 P11 ! q01
¼
P00 ! q10 P01 ! q11

½q00 ! ð1 ) PL Þ þ q01 ! PL % ! ½P10 ! ð1 ) PL Þ þ P11 ! PL %
½q10 ! ð1 ) PL Þ þ q11 ! PL % ! ½P00 ! ð1 ) PL Þ þ P01 ! PL %

Downloaded from smm.sagepub.com at University of York on June 4, 2016

XML Template (2013)
[30.9.2013–4:40pm]
[1–13]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/SMMJ/Vol00000/130221/APPFile/SG-SMMJ130221.3d (SMM) [PREPRINTER stage]

Pang et al.

5

Table 2. Decomposition of the total discrepancy between the crude OR and the conditional OR.

PðY ¼ 1j
A ¼ 0, L ¼ 0)

PðY ¼ 1j
A ¼ 0, L ¼ 1)

ORC

ORm

ORcrude

PðL ¼ 1Þ

PA1

PA0

0.2
0.2
0.2

0.6
0.6
0.9

2.667
2.667
2.667

2.253
2.253
1.764

2.253
2.667
2.302

0.45
0.45
0.45

0.500
0.556
0.556

0.500
0.455
0.455

Noncollapsibility
effect
logðORm Þ)
log(ORC)

Confounding
bias
logðORcrude Þ)
log(ORm)

Total
discrepancy
logðORcrude Þ)
log(ORC)

)0.169
)0.169
)0.413

0
0.169
0.266

)0.169
0
)0.147

The decomposition of the total discrepancy for a few specific numerical examples is shown
explicitly in Table 2. This table demonstrates the phenomena of ‘‘noncollapsibility without
confounding’’ and of ‘‘confounding without noncollapsibility.’’
All the conditional ORs are homogeneous and equal to 2.667. In the first row of Table 2
confounding bias equals 0, and the total discrepancy equals the noncollapsibility eﬀect
(‘‘noncollapsibility without confounding’’). In the second row the noncollapsibility eﬀect and
confounding bias cancel each other out, thus leading to equality of the crude and conditional
ORs in the presence of confounding (‘‘confounding without noncollapsibility’’). The last row
shows a data example in which the noncollapsibility eﬀect and the confounding bias both exist
and the two components do not cancel each other out. eTables 1 to 3 in Online Appendix 1
(available at: http://www.smm.sagepub.com) provide hypothetical data for each row of Table 2.
Our analytical approach can also be used to assess these conditions for the absence of a
noncollapsibility eﬀect and to examine the condition for the phenomenon of confounding without
noncollapsibility. The verification of the conditions is presented in Online Appendix 2.
Other formulae to quantify the noncollapsibility eﬀect have been presented previously in the
literature.9,22,24 In Online Appendix 3, we compare our analytical approach result with the other
related formulae in the literature under various scenarios. The noncollapsibility eﬀect calculated
using our analytical approach is equivalent to the value obtained using the formula proposed by
Samuels22 and is reasonably close to the results obtained via the approximation suggested by
Neuhaus.24 All of the approaches give the same qualitative findings.

3 A graphical approach
In practice, one might be also interested in the nature of the relationships between the
noncollapsibility eﬀect and the eﬀects of A (ORC ) and L (ORL ) on Y. We show in Online
Appendix 4 that P01 can be expressed as a function of the baseline risk P00 , the eﬀect of A and L
on Y, the prevalence of L, and the exposure probability conditional on L. Therefore, with the
constraint of homogenous ORs, we can express the noncollapsibility eﬀect as a deterministic
! "
m
function of all the other parameters, i.e. P00 , ORC , ORL , PA1 , PA0 , and PL . Again, log OR
ORC was
used to measure the magnitude of the noncollapsibility eﬀect. Since there is no simple
mathematical summary of the noncollapsibility eﬀect as a function of these relevant parameters,
a graphical approach was implemented. Flanders and Khoury illustrated the relationship
between the magnitude of confounding and parameters graphically, and derived bounds if some
of the relevant parameters are not specified.25 Inspired by this graphical approach, we investigated
the relationship between the noncollapsibility eﬀects and the related parameters in diﬀerent
scenarios.
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Noncollapsibility behavior can be explored in diﬀerent scenarios by plotting the eﬀect as a
function of the baseline risk and diﬀerent combinations of values of the other parameters.
A range of diﬀerent exposure eﬀects and diﬀerent covariate eﬀects was specified. A strong
association was represented by OR equal to 5 or 0.2, while a moderate association was
represented by an OR of 2 or 0.5. OR values greater than 1 represent harmful eﬀects, whereas
values less than 1 represent protective eﬀects.
The efigures provided in Online Appendix 5 display noncollapsibility under diﬀerent parameter
settings. The noncollapsibility eﬀect is negative when the eﬀect of A is harmful, and the
noncollapsibility eﬀect is positive when the eﬀect of A is protective. This corresponds to the wellknown fact that the marginal OR is always shifted toward the null compared to the conditional OR
in the absence of confounding or when confounding is adjusted for appropriately.22 One can make
many additional observations from the figures that are relevant for anticipating the direction and
magnitude of the noncollapsibility eﬀect.
eFigure 1 (Online Appendix 5) shows the scenario in which there is no confounding, L is a
baseline covariate, A is randomly assigned with probability 0.5 regardless of L (i.e.
PðA ¼ 1jL ¼ 1Þ ¼ PðA ¼ 1jL ¼ 0Þ ¼ 0.5), and the prevalence of L is 0.5. Results for other values
of the prevalence of L are similar to eFigure 1 (Online Appendix 5), but the noncollapsibility eﬀect
tends to become more modest as the prevalence of L moves away from 0.5, which implies that one
will observe a larger noncollapsibility eﬀect as the prevalence of L approaches 0.5. Furthermore, the
noncollapsibility eﬀect is clearly symmetric in eFigure 1 (Online Appendix 5). That is, for any two
settings (1) and (2) of the parameters, the magnitude of the noncollapsibility eﬀect is equal in
1
magnitude but with the opposite sign (on the log scale) if ORC ð1Þ ¼ OR1 C ð2Þ, ORL ð1Þ ¼ OR
ð2Þ,
L
and P00 ð1Þ ¼ 1 ) P00 ð2Þ.
If we compare the noncollapsibility eﬀect with ORC ¼ u and ORL ¼ v to the eﬀect with ORC ¼ v
and ORL ¼ u (for all v > u > 1), it is observed that the first of these two noncollapsibility eﬀect is
always further from 0, which reveals the novel result that the eﬀect of L plays a more important role
in the noncollapsibility eﬀect than does the eﬀect of A.
After fixing either one of the A or L eﬀects, the noncollapsibility eﬀect becomes smaller as the
magnitude of the other eﬀect gets smaller. The noncollapsibility eﬀect is quite modest when the
eﬀect of L and the eﬀect of A are both small. It can also be observed that as the baseline risk goes
to 0, the noncollapsibility eﬀect disappears. It is well known that when the baseline risk is small
the OR can be used to estimate the RR, and that collapsibility represents nonconfounding when
the association measure is an approximate RR since there is no noncollapsibility eﬀect.21
However, it may be less well appreciated that as the baseline risk goes to 1, the
noncollapsibility eﬀect also disappears.
One can therefore observe an important noncollapsibility eﬀect if the following conditions are
jointly satisfied: (a) the association between the covariate and the outcome is strong, (b) the
association between the exposure and the outcome is strong, (c) neither level of the outcome is
rare, and (d) neither level of the covariate is rare. Furthermore, Online Appendix 5 provides figures
that show the relationship between the noncollapsibility eﬀect and the marginal outcome probability
under diﬀerent scenarios, including the presence or absence of confounding. Some interesting
observations from those figures are discussed there. For example, eFigure 7 (Online Appendix 5)
shows the relationship between the noncollapsibility eﬀect and the baseline risk in the presence of
confounding with diﬀerent combinations of A and L eﬀects and the eﬀect of L on A (denoted by
ORLA ). The noncollapsibility eﬀect is again symmetric. For parameter settings (1) and (2), the
magnitude of the eﬀect is equal in magnitude but with opposite sign (on the log scale) for
1
ORC ð1Þ ¼ OR1 C ð2Þ, ORL ð1Þ ¼ OR
ð2Þ, ORLA ð1Þ ¼ ORLA ð2Þ, and P00 ð1Þ ¼ 1 ) P00 ð2Þ.
L
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Figure 2. Time-varying confounding scenario with baseline variable Z.

4 Time-varying confounding
In observational studies, exposures may vary over time, and confounding variables may also be
intermediate between exposure and outcome. Will the noncollapsibility eﬀect be amplified in the
presence of such time-varying confounding? Given the challenge in using the analytical approach in
a more complex scenario, observational cohort studies were simulated to explore the
noncollapsibility eﬀect.
Figure 2 shows a simple scenario, with just two time points, no unmeasured confounding and no
loss to follow-up. Let A0 and A1 denote the binary exposure at the first and second time points,
respectively, and let Y denote the binary outcome. L is a time-varying confounding variable. If one is
interested in the cumulative eﬀect of exposure (denoted by A ¼ A0 þ A1), a MSM can be employed
to assess the marginal eﬀect of exposure in this longitudinal setting with inverse-probability-oftreatment weighted (IPTW) estimation. On the other hand, the SLRM adjusted for L always
gives a biased estimate of the cumulative eﬀect of exposure.26 There is therefore no natural way
to investigate the noncollapsibility eﬀect with respect to the time-varying confounder L. However,
we can add another baseline variable Z, which has an eﬀect on the outcome but is independent of all
other variables in the simulation study. We can thereby study the noncollapsibility eﬀect with respect
to Z and compare it to the eﬀect from a point-exposure study with similar features.
We simulated an observational cohort study with N ¼ 100,000 subjects who were randomly
assigned to be exposed at the first time point with probability PðA0 ¼ 1Þ ¼ 0:5, where A0 ¼ 1
indicates exposed and A0 ¼ 0 indicates unexposed. We let L be a factor that is aﬀected by A0 and
also has an eﬀect on A1, so L was generated from a Bernoulli distribution with PðL ¼ 1Þ ¼
expðxÞ
expitð!0 þ !1 A0 Þ, where expitðxÞ ¼ 1þexpðxÞ
. Consequently, we generated A1 from a Bernoulli
distribution with PðA1 ¼ 1Þ ¼ expitð#0 þ #1 L þ #2 A0 Þ, and Y from a Bernoulli distribution with
PðY ¼ 1Þ ¼ expitð$0 þ $ 1 L þ $2 Z þ $3 ðA0 þ A1 ÞÞ. Z (the predictor of outcome) was generated
from a Bernoulli distribution with PðZ ¼ 1Þ ¼ 0:5.
To estimate the cumulative eﬀect of A ¼ A0 þ A1 on Y and measure the noncollapsibility eﬀect
of Z, we specified two models to analyze the data. After adjusting for L marginally by IPTW, Z
is adjusted marginally or conditionally in model 1 and model 2, respectively. By comparing
model 1 with model 2 we obtain the noncollapsibility eﬀect of Z with respect to cumulative
exposure A.
Model 1: logitðPðY ¼ 1ÞÞ ¼ !0 þ !1 A

PðA1 jA0 Þ
PðA1 jA0 , L, ZÞ
PðA1 jA0 Þ
weights ¼
PðA1 jA0 , LÞ

weights ¼

Model 2: logitðPðY ¼ 1ÞÞ ¼ !0 þ !1 A þ !2 Z
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Figure 3. Point-exposure scenario with baseline variable Z.

A similar point-exposure study (Figure 3) was also simulated in order to provide a reference
for the longitudinal study in Figure 2. The structure is similar without the relationship between L,
A0 and A1. Instead, A1 was generated from a Bernoulli distribution with PðA1 ¼ 1Þ ¼ 0:5.
We keep L in Figure 3 in order to have the same randomness as in the time-varying confounding
case. For the point-exposure study, the noncollapsibility eﬀect with respect to A is measured
by comparing model 3 and model 4. L was left unadjusted, since it is a mediator rather than a
time-varying confounding variable.
Model 3: logitðPðY ¼ 1ÞÞ ¼ !0 þ !1 A

weights ¼

Model 4: logitðPðY ¼ 1ÞÞ ¼ !0 þ !1 A þ !2 Z

PðA1 jA0 Þ
PðA1 jA0 , ZÞ

In the simulation, !0 , #0 , and $0 are parameters of no particular interest, hence we are willing to
assume arbitrarily that !0 ¼ #0 ¼ $0 ¼ 0. We set !1 , #1 , #2 , and $1 to be log(5), log(2), log(0.5), or
log(0.2). We ran the simulation with permutations of those values, so as to illustrate the scenario
with strong or moderate eﬀects and with harmful or protective eﬀects. $2 and $3 were set to log(0.2)
and log(5), respectively. For each setting, we generated 1000 independent random samples. All
simulations were performed in R version 2.14.1 running on a Linux platform. The R code is
provided in Online Appendix 6.
Results are presented in Table 3, showing the mean noncollapsibility eﬀect (on the log scale). To
compare the noncollapsibility eﬀect in time-varying confounding and point-exposure studies, we
present the diﬀerences between the noncollapsibility eﬀects in the two scenarios along with 95%
confidence intervals. These confidence intervals for the diﬀerences always include 0 and fall within
the range * 0.04, indicating that the noncollapsibility eﬀect of Z with respect to the cumulative eﬀect
under the time-varying confounding scenario is comparable to that from the point-exposure study
after appropriately adjusting the time-varying confounding variable L.
Informed by the observations from the point-exposure study, we anticipate that when both the
eﬀects of Z and A are in the same direction and large in magnitude, the absolute risks will approach
1 or 0, and thus the magnitude of the noncollapsibility will become trivial. Therefore, in the process
of exploring the noncollapsibility eﬀect of Z in the time-varying confounding scenario, we generally
set the eﬀect of Z on Y to OR ¼ 0.2, and the eﬀect of A on Y as OR ¼ 5. Using eFigure 1 (Online
Appendix 5), we can predict symmetric behavior of the noncollapsibility eﬀects when the eﬀects of Z
and A are in the opposite direction with the same magnitude. One of the parameter settings in Table
3 again confirms this. Moreover, the main objective of the comparison was to determine whether
time-varying confounding has any influence on the noncollapsibility eﬀect. We have already
described the other basic features of the noncollapsibility eﬀect from the point-exposure study
and therefore did not conduct a comprehensive simulation using all combinations of the
parameters. The settings presented should be representative of the noncollapsibility eﬀect in
general time-varying confounding scenarios.
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Table 3. Comparison of noncollapsibility effect between the time-varying confounding scenario and the pointexposure study.
Noncollapsibility effect
e!1

e#1

e#2

e$1

e$2

e$3

Time-varying
confoundinga

Point-exposure
studyb

2
5
0.5
0.2
2
2
2
2
2
2
2
2
2
2
2
2

2
2
2
2
5
0.5
0.2
2
2
2
2
2
2
2
2
2

2
2
2
2
2
2
2
5
0.5
0.2
2
2
2
2
2
2

2
2
2
2
2
2
2
2
2
2
5
0.5
0.2
2
2
2

0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.1
0.2
5

5
5
5
5
5
5
5
5
5
5
5
5
5
5
10
0.2

)0.167
)0.171
)0.160
)0.157
)0.164
)0.177
)0.188
)0.163
)0.175
)0.181
)0.124
)0.174
)0.137
)0.327
)0.219
0.175

)0.176
)0.181
)0.167
)0.164
)0.176
)0.176
)0.176
)0.176
)0.176
)0.176
)0.131
)0.178
)0.135
)0.340
)0.235
0.179

Difference

95% Confidence
Interval

0.009
0.010
0.007
0.007
0.012
)0.001
)0.012
0.013
0.001
)0.005
0.007
0.004
)0.002
0.013
0.016
)0.004

)0.004,
)0.004,
)0.005,
)0.006,
)0.002,
)0.015,
)0.026,
)0.002,
)0.012,
)0.019,
)0.006,
)0.008,
)0.012,
)0.005,
)0.004,
)0.016,

0.023
0.024
0.020
0.020
0.025
0.013
0.002
0.027
0.014
0.008
0.019
0.016
0.008
0.031
0.036
0.007

a

Noncollapsibility effect is measured by the difference between the estimates from Model 1 and Model 2.
Noncollapsibility effect is measured by the difference between the estimates from Model 3 and Model 4.

b

The Z eﬀect only enters the process and aﬀects Y at the final time point and is independent of any
other variables in the time-varying confounding scenario. Under the assumptions that there is no
unmeasured confounding and no loss to follow-up, the results are expected to be comparable with
the point-exposure study whenever time-varying confounding is controlled appropriately.

5 Example
To illustrate the phenomenon of collapsibility in practice, we consider an example from the
Promotion of Breastfeeding Intervention Trial (PROBIT), a cluster-randomized study of a
breastfeeding promotion intervention.27 In a follow-up study, Kramer et al.28 studied the
association between breastfeeding behavior and infant weight at one year, measured by weightfor-age Z-scores. Table 4 gives a cross-tabulation of breastfeeding status during the first 6 months
of life, and a binary variable indicating a positive Z-score.
While the original PROBIT design was a randomized trial, analysis of the association between
breastfeeding and outcomes is potentially confounded.29 We adjusted for several potential
confounders: randomization status, geographical location (urban/rural, eastern versus western
Belarus), maternal education, maternal smoking and alcohol consumption, atopic history,
breastfeeding of previous children, cesarean section, the baby’s gender, illness during the first
6 months of life, along with maternal age and birth weight.
We provide a crude (unadjusted) model, a marginal model (adjusted using inverse probability
weighting), and a conditional model (adjusted using logistic regression) for the comparison between
early weaning and exclusive breastfeeding to 6 months. Subjects who were in-between early weaning
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Table 4. Cross-tabulation of breastfeeding status and weight-for-age Z-score from the PROBIT study. For
illustrative purposes, subjects with missing values on any of the variables considered in the analyses are excluded.

Early weaning (<1 month)
Some breastfeeding +1 month but not exclusive to 6 months
Exclusive breastfeeding +6 months
Total

Weight-for-age
Z<0

Weight-for-age
Z+0

Total

298
3226
75
3599

980
11,172
188
12,340

1278
14,398
263
15,939

Table 5. Estimated coefficients and odds ratios for the three models: The association between exclusive
breastfeeding to 6 months versus early weaning and weight-for-age Z-score from the PROBIT study. For illustrative
purposes, subjects with missing values on any of the variables considered in the analyses are excluded.
Model

#

Standard error

Odds ratio

95% CI

Marginal
Conditional
Crude

–0.4119
–0.5713
–0.2715

0.0789
0.1901
0.1518

0.662
0.565
0.762

0.568, 0.773
0.389, 0.820
0.566, 1.026

and exclusive breastfeeding to 6 months were excluded in this analysis. Results are given in Table 5.
The total discrepancy of 0.30 between the crude and conditional eﬀect estimates (on the log scale)
can be decomposed into confounding bias of 0.14 and collapsibility eﬀect of 0.16. When we
considered adjustment for a single variable, leaving the others marginal, results were similar. This
suggests that noncollapsibility can be as important as confounding under reasonable scenarios.

6 Discussion
Noncollapsibility has been used as an operational definition of confounding,15 but it has been shown
that under this definition there is a risk of detecting confounding even when the covariate is not
associated with the exposure. Another definition of confounding is based on a counterfactual
model:20 ‘‘Confounding is present if our substitute population imperfectly represents what our
target would have been like under the counterfactual condition.’’ 30 It follows from this definition
that confounding and noncollapsibility are diﬀerent concepts,31–33 ‘‘Collapsibility is based on the
observed distribution alone, while non-confounding is a property of potential outcome
distributions.’’34 We emphasize that the counterfactual definition of confounding depends on the
target population and focuses on causal inference, while collapsibility depends on the selected
parameter and has no definitive implication for causality or confounding.4,7
We therefore proposed to estimate a marginal OR by using a MSM to adjust for confounding, so
confounding bias could be evaluated by comparing the adjusted marginal OR and the crude OR and
the magnitude of noncollapsibility eﬀect could be measured by comparing the conditional OR and
the adjusted marginal OR.
Consider the causal structure from Figure 1. ‘‘Simpson’s paradox’’ often refers to the
phenomenon that the crude OR and the conditional OR are on opposite sides of the null. Our
study showed that the diﬀerence between the crude and the conditional OR can be decomposed into
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a confounding bias and a noncollapsibility eﬀect. Whenever the conditions for collapsibility of the
OR are not met, the noncollapsibility eﬀect pushes the conditional OR further from the null relative
to the marginal OR, regardless of the confounding bias. Therefore, L has to be a confounding
variable for Simpson’s paradox to occur. The reversal of the crude and conditional OR can
therefore be attributed to two distinct factors occurring jointly, confounding and a
noncollapsibility eﬀect.
As does the RD, the OR has the attractive property of symmetry under interchange of both
exposure levels and outcome levels. Nonetheless, it only approximates the RR in studies where the
outcome is rare in all exposure and confounder categories, or under special designs such as the casecohort study.35 When the outcome is common, the OR must be reported as a unique measure of
association, rather than as an approximation of RR. As demonstrated in this paper, the divergence
between noncollapsibility and confounding is another pronounced drawback of the OR, since
noncollapsibility makes the causal interpretation of the OR diﬃcult.21 The OR estimate is specific
to the covariates that are conditioned on in the model and subject to the outcome prevalence in the
analysis dataset. It has therefore been suggested that the OR should be only reported with explicit
reference to the covariates in the model.36 That is to say, OR values cannot be compared in the same
dataset across diﬀerent models, nor can they be compared across diﬀerent samples using the same
model. Furthermore, if one considers the strata to be the characteristics of the individual,
conditional ORs do not represent the averages of individual eﬀects (i.e. the average odds that a
person would get the outcome if exposed divided by the odds that the same person would get the
outcome if unexposed), whenever there are other unmeasured risk factors within strata which cause
an important noncollapsibility eﬀect.21 Therefore, it would be inappropriate to use ORs for clinical
prediction of risk, and estimates for the RR or RD will be biased if they are derived from
transformations of the OR.37
In this paper, we used analytical and graphical approaches to measure and describe the
separate eﬀects of noncollapsibility and confounding bias. We obtained the same results as
Samuels, mainly because the two formulae are closely related.22 Although Samuels developed the
formula for the model in which A is independent of L, after we extend it to a more general case,
it agrees with our results. Gail’s results do not agree as closely with the others, presumably because
it is only the first term of a Taylor expansion, and thus the approximation is less precise.9 Although
all of these approaches provide the same or similar results, all of the previous approaches
concentrate on the situation where A is independent of L, whereas our approach gives a general
formula to measure the noncollapsibility eﬀect with or without confounding. In addition, the
equations by Neuhaus and Gail are derived by estimation and approximation, while the formula
we developed is for measuring the true value of noncollapsibility eﬀect and provides an explicit form
of the noncollapsibility eﬀect.
Some assumptions and limitations of our study should be acknowledged. In the analytical
approach, we implemented a deterministic process to measure the noncollapsibility eﬀect.
We studied the true value of the noncollapsibility eﬀect in a source population with no sampling
variability. However, random error and sampling variability are inevitable in practice. When
one measures the noncollapsibility eﬀect in finite samples, the precision of the estimate is also of
interest in practice. Bootstrapping would be one method to examine the variability of the
noncollapsibility eﬀect.
Furthermore, we explored the noncollapsibility eﬀect in very simplified scenarios, whereas reality
is often much more complicated. For example, there can be more than two strata of L, and the
noncollapsibility behavior could be diﬀerent depending on how the strata were collapsed over. It is
also possible that there is more than one baseline variable in a study, while we have only observed
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the noncollapsibility eﬀect of a single variable. When L is a vector, further study can be performed to
investigate the noncollapsibility eﬀect over some variables in L given that the others are
conditionally or marginally adjusted.
Our graphical approach represented the analytical noncollapsibility eﬀect with figures; however,
the derivation of the formula expressed by the other parameters is implicit. Along with the figures, a
concise and understandable formula is needed to convey more precise information from a
mathematical and statistical perspective. We present the relationship between the noncollapsibility
eﬀect and the baseline risk or marginal outcome probability in two-dimensional figures while fixing
the values of the other parameters. It may be of interest to extend this to express noncollapsibility
simultaneously as a function of multiple parameters.
For the time-varying confounding scenario, we also focused on relatively limited settings. For
example, the intercepts of the models were set arbitrarily to zero, and only a few values of the
parameters were specified. Further research should aim at exploring more possible values of the
parameters to make the comparison more complete.
In conclusion, the noncollapsibility of the OR should neither be ignored nor confused with
confounding. The noncollapsibility eﬀect depends on a variety of parameters, i.e. the baseline
risk, the eﬀect of the exposure, the prevalence, and the eﬀect of the covariate. Particularly, the
eﬀect of the covariate plays a more important role than does the eﬀect of the exposure, a result
that has not been reported previously. Lastly, simulation results suggested that the noncollapsibility
eﬀect over a baseline variable in a time-varying confounding scenario is comparable in magnitude to
the point-exposure study if the time-varying confounder was adjusted appropriately in the model.
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