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Abstract

This paper develops a censored generalized Poisson regression model that can be used to
predict a response variable that is a2ected by one or more explanatory variables. The censored
generalized Poisson regression model is suitable for modeling count data that exhibit either
over- or under-dispersion. The regression parameters are estimated by the method of maximum
likelihood and approximate tests for the adequacy of the model are discussed. E2ect of censoring
on the estimated biases and standard errors of the parameters is studied through simulation.
Censored generalized Poisson regression model is applied to an observed data set.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Poisson regression models have been used in the literature to analyze count data
where sample mean and sample variance are almost equal. Quite often, count data
exhibit substantial variations where the sample variance is either smaller or larger than
the sample mean and it is classi;ed as under- or over-dispersion, respectively. Various
models have been proposed to deal with under- or over-dispersion.

Winkelmann and Zimmermann (1995) considered statistical techniques for modeling
count data. Some of these techniques include the Poisson, hurdle Poisson, truncated
Poisson, and the negative binomial models. A literature review of models that have
been used for over- or under-dispersed count data is presented by Cameron and Trivedi
(1998, Chapter 4). Terza (1985) extended the Poisson regression model to censored
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count data with constant censoring threshold. Caudill and Mixon (1995) considered the
case of variable threshold. When the count data is over-dispersed, Caudill and Mixon
(1995) proposed the use of censored negative binomial regression model.

The approach proposed by Caudill and Mixon is appropriate if the data under con-
sideration is known to be over-dispersed. In a non-censored count data, the relationship
between the sample mean and sample variance is a good measure of the amount of
underlying dispersion. In a censored count data, it is very unlikely that the relationship
between the mean and the variance is known. Consider a count data censored from
above with a constant censoring threshold. The observed mean will be less than the
true mean. Also, the observed variance will be less than the true variance. If the ob-
served mean is less than the observed variance, the true mean could be less than or
more than the true variance. Thus, in a censored count data, one may not know the
type of dispersion.

Among the di2erent models for handling under- or over-dispersion, it appears the
generalized Poisson regression model (Consul, 1989; Consul and Famoye, 1992;
Famoye, 1993) is one of the few that can accommodate both under- and over-dispersion.
In the light of this property and the fact that one may not know the true relationship
between the mean and the variance in a censored count data, a censored generalized
Poisson regression model is proposed for analyzing a censored count data.

Censored generalized Poisson regression (CGPR) model is de;ned in Section 2.
The estimation of its parameters by the maximum likelihood method is discussed in
Section 3. In Section 4, we examine the goodness-of-;t for the regression model and
a test statistic for examining the dispersion of CGPR is proposed. Test statistics for
examining the signi;cance of the regression parameters are based on the asymptotic
distribution of the maximum likelihood estimators. In Section 5, we conduct a simu-
lation to study the e2ect of censoring on the estimated biases and standard errors of
the parameters. In Section 6, we provide a numerical application of CGPR model to
an observed data set.

2. Censored regression model

Suppose a count response variable Yi is a generalized Poisson random variable. Sup-
pose further that the variable Yi is a2ected by x i = (1; x1x2; : : : ; xk−1), where x1; x2; : : : ;
xk−1 are k−1 explanatory variables. Following the result in Famoye (1993), the prob-
ability function of Yi is given by

p(�i;yi) =
1
yi!

(
�i

1 + 
�i

)yi

(1 + 
yi)yi−1 exp[ − �i(1 + 
yi)=(1 + 
�i)] (2.1)

for yi = 0; 1; 2; : : : ; where �i = �i(x i) = f(x i; ). The function f(x i; ) is di2erentiable
with respect to , a k-dimensional vector of regression parameters. In many applications
including economics, the mean function �i is written as

f(x i; ) = exp(x i):
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When 
=0, the probability function in (2.1) reduces to the Poisson regression model.
For 
¿ 0, the generalized Poisson regression (GPR) model in (2.1) represents count
data with over-dispersion and for 
¡ 0, it represents count data with under-dispersion.
Whenever 
¡ 0, the value of 
 is such that 1 + 
�i ¿ 0 and 1 + 
yi ¿ 0 so that the
probability in (2.1) is non-negative. In GPR model, 
 is called the dispersion parameter.
The mean and variance of Yi are respectively given by

E(Yi | x i) = �i (2.2)

and

Var(Yi | x i) = �i(1 + 
�i)2: (2.3)

For some observations in a data set, the value of Yi may be censored. If no cen-
soring occurs for the ith observation, Yi = yi. However, if censoring occurs for the ith
observation, we know that Yi is at least equal to yi i.e. Yi¿yi. We now have

Pr(Yi¿yi) =
∞∑

j=yi

Pr(Yi = j) =
∞∑

j=yi

p(�i; j) = 1 −
yi−1∑
j=0

p(�i; j) = P(�i;yi):

(2.4)

We de;ne an indicator variable di as

di =

{
1 if Yi¿yi

0 otherwise:
(2.5)

The likelihood function of censored generalized Poisson regression (CGPR) model is
given by

L(
; ;yi) =
n∏

i=1

[p(�i;yi)]1−di [P(�i;yi)]di

and the log-likelihood function is

log L(
; ;yi) =
n∑

i=1

{(1 − di) log p(�i;yi) + di log P(�i;yi)}: (2.6)

When 
 = 0 and the condition Yi¿yi in (2.5) is replaced with Yi¿C, where C is a
constant, the result in (2.6) reduces to censored Poisson regression (Terza, 1985) with
a constant censoring threshold. Terza (1985) pointed out that this kind of censoring
may be imposed on the data by survey design, or it may reLect some theoretical or
institutional constraints. If 
 = 0 and the condition Yi¿yi in (2.5) is replaced with
say xi¿C or xi6C (where xi is an explanatory variable) the result in (2.6) reduces
to censored Poisson regression (Caudill and Mixon, 1995) with variable censoring
thresholds.
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3. Parameter estimation

By using the probability function given by (2.1) in the log-likelihood function in
(2.6), we obtain

log L(
; ;yi) =
n∑

i=1

{
(1 − di)

[
yi log

(
�i

1 + 
�i

)
+ (yi − 1) log(1 + 
yi)

−�i(1 + 
yi)
1 + 
�i

− log(yi!)
]

+ di log P(�i;yi)
}

: (3.1)

The likelihood equations for estimating 
 and  are obtained by taking the partial
derivatives of (3.1) and setting them equal to zero. Thus, we obtain

@ log L
@


=
n∑

i=1

{
(1 − di)

[ −yi�i

1 + 
�i
+

yi(yi − 1)
1 + 
yi

− �i(yi − �i)
(1 + 
�i)2

]

+
di

P(�i;yi)
@P(�i;yi)

@


}
= 0 (3.2)

and

@ log L
@r

=
n∑

i=1

{
(1 − di)(yi − �i)

�i(1 + 
�i)2

@�i

@r
+

di

P(�i;yi)
@P(�i;yi)

@r

}
= 0;

r = 1; 2; 3; : : : ; k: (3.3)

By using the log-linear function �i = exp(x i) in (3.3), we get

@ log L
@1

=
n∑

i=1

{
(1 − di)(yi − �i)

(1 + 
�i)2 +
di

P(�i;yi)
@P(�i;yi)

@1

}
= 0 (3.4)

and

@ log L
@r

=
n∑

i=1

{
(1 − di)(yi − �i)xr

(1 + 
�i)2 +
di

P(�i;yi)
@P(�i;yi)

@r

}
= 0;

r = 2; 3; : : : ; k: (3.5)

The expressions for @P(�i;yi)=@
 and @P(�i;yi)=@r are provided in the appendix.
The above likelihood equations are non-linear in the parameters 
 and . These equa-
tions are solved simultaneously by using an iterative algorithm. The initial estimates
of  may be taken as the corresponding ;nal estimates of  from ;tting a censored
Poisson regression model to the data. The initial estimate of 
 may be taken as zero
or it may be obtained by equating the generalized chi-square statistic to its degrees of
freedom. This is given by

n∑
i=1

(yi − �i)2

Var(Yi | x i)
= n− k; (3.6)
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where Var(Yi | x i)=�i(1+
�i)2. See Famoye (1993) on the existence and the uniqueness
of the maximum likelihood estimate of GPR parameters when 
¡ 0.

On taking the second partial derivatives of (3.2) and (3.3), the Fisher’s informa-
tion matrix I(
; ) can be obtained by taking the expectations of minus the second
derivatives. The inverse of the matrix will provide the variances for the ML estimates.

4. Goodness-of-�t statistics

A measure of goodness of ;t for CGPR function speci;cation may be based on the
deviance statistic D de;ned as

D = −2[log L(
̂; ̂; �̂ i) − log L(
̂; ̂;yi)]

=
n∑

i=1

{
(1 − di)

[
yi log

(
yi(1 + 
̂�̂ i)
�̂ i(1 + 
̂yi)

)
+

�̂ i − yi

(1 + 
̂�̂ i)

]
+ di log

(
P(yi;yi)
P(�̂ i;yi)

)}
;

(4.1)

where P(�i;yi) is given by (2.4).
The quantity log L(
̂; ̂;yi) is the log-likelihood function de;ned in (3.1). The de-

viance statistic D can be approximated by a chi-square distribution with n − k − 1
degrees of freedom when the �i’s are large. The regression function is appropriate if
the value of D is not too large when compared to the appropriate tabulated chi-square
(e.g. upper 5%) value. When many regression models are available for a given data
set, one has to select the most suitable model. The regression model with the smallest
value of the deviance statistic D, among all regression models, is usually chosen as
the best model for describing the data under consideration.

Quite often, the �i’s may not be reasonably large and so the deviance statistic
may not be appropriate. As an alternative, one may use the log-likelihood statistic
log L(
̂; ̂;yi) to compare the di2erent models. The model with the largest log-likelihood
value is usually selected as the best model for describing the given data. Another mea-
sure of goodness of ;t is the generalized chi-square statistic. This is given by the
quantity on the left-hand side of (3.6).

4.1. Test for dispersion

The CGPR model reduces to the censored Poisson regression model when the dis-
persion parameter 
=0. To assess the adequacy of the CGPR model over the censored
Poisson regression model, we test the hypothesis

H0 : 
 = 0 against Ha : 
 �= 0: (4.2)

This is to test for the signi;cance of the dispersion parameter 
. The presence of the
dispersion parameter 
 in the CGPR model is justi;ed when the null hypothesis H0 is
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rejected. To carry out the test in (4.2), we propose the likelihood ratio test statistic

‘ = −2[log L(
̂; ̂;yi) − log L(
 = 0; ̃;yi)]; (4.3)

where log L(
 = 0; ̃;yi) is the censored Poisson regression log-likelihood function

and log L(
̂; ̂;yi) is the CGPR log-likelihood function given in (3.1). The parameters
in (4.3) are estimated by the method of maximum likelihood. The test statistic ‘ in
(4.3) is approximately chi-square distributed with one degree of freedom when H0 is
true.

5. Simulation study

In order to compare the CGPR model with the uncensored GPR model in (2.1),
we conduct a simulation study. The GPR model in (2.1) is generated and two points
of constant censoring thresholds are introduced. Under each constant, we examine the
estimated biases and the standard errors of the parameters. We generated a set of x-data
consisting of n= 500 and 1000 observations on three explanatory variables x0 = 1, and
x2. The variables x1 and x2 are generated as uncorrelated standard normal variates.
All simulations were done using computer programs written in Fortran codes. We also
made use of the Institute of Mathematical Statistics Library (IMSL).

Many parameter vectors (0; 1; 2; 
) are used in the simulation study. Since the
results are similar, we present the results for two sets. We ;x parameters 0; 1, and
2 in both sets. In one set, 
 is positive and takes the values 0.1, 0.2, and 0.3. In the
second set, 
 is negative with the values −0:01, −0:02, and −0:03.

For positive values of 
, we chose two censoring constants C = 50 and 99 so that
the percentage of censored y-values is about 10% and 5%, respectively. Similarly, the
values C = 12 and 15 are chosen as censoring constants for negative values of 
.
Using each parameter vector and x0; x1; x2 as explanatory variables, the observations
yi; i = 1; 2; : : : ; n were generated from the GPR model in (2.1). Each simulation was
repeated 500 times by generating new y-variates keeping the x-data and the parameter
vector constant. In each simulation, the parameters 0, 1, 2, and 
 are estimated by
the method of maximum likelihood. The log-likelihood (LL), the deviance, and the
generalized chi-square (�2) statistics are computed as measures of goodness-of-;t for
each simulated data.

We used the GPR model in (2.1) to analyze the uncensored (or ‘Complete’) data
set. To see the e2ects of censoring on the estimated biases and standard errors of the
parameters, we took the values of all yi’s greater than or equal to C [C = 50; 99; 12 or
15] to be exactly equal to C. The new data is analyzed by using the GPR model in
(2.1). In this analysis, we assume that the complete data has the values yi=0; 1; 2; : : : ; C
and this is referred to as ‘Truncated’ data in Tables 1 and 2. Finally, we consider all
values of yi¿C as censored and applied the CGPR model to the data. This is referred
to as ‘Censored’ data in Tables 1 and 2.

The estimation of parameters and the computation of goodness-of-;t statistics for
‘Complete’, ‘Censored’, and ‘Truncated’ data were done and reported in Tables 1 and
2. The estimates and the goodness-of-;t statistics are computed for each of the 500
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Table 1
Bias and Standard error (s.e.): (0; 1; 2) = (2:0; 1:5; 1:0)


 Data Bias and s.e. Goodness of ;t %

0 1 2 
 LL Deviance �2 Censored

(a) n = 1000; censoring point = 50

0.10 Complete 0.0020 0.0112 0.0064 0.0005 −3047:5 1025.1 966.9
(0.0252) (0.0350) (0.0292) (0.0045)

Censored 0.0000 −0:0004 −0:0013 −0:0001 −2914:3 1010.5 800.9 11.38
(0.0262) (0.0400) (0.0325) (0.0050)

Truncated 0.0543 0.1861 0.1269 0.0086 −2895:6 1047.7 915.8
(0.0235) (0.0349) (0.0285) (0.0045)

0.20 Complete 0.0103 0.0251 0.0172 0.0011 −3088:8 1022.9 934.7
(0.0358) (0.0498) (0.0418) (0.0083)

Censored 0.0009 0:0045 0.0022 −0:0004 −2967:5 986.3 708.5 8.78
(0.0393) (0.0564) (0.0464) (0.0088)

Truncated 0.1103 0.2076 0.1420 0.0182 −2954:6 1052.6 876.3
(0.0328) (0.0486) (0.0399) (0.0081)

0.30 Complete 0.0197 0.0290 0.0239 0.0015 −3018:6 1017.6 909.1
(0.0469) (0.0626) (0.0527) (0.0123)

Censored 0.0015 −0:0007 0.0030 −0:0008 −2855:3 965.0 644.8 7.34
(0.0537) (0.0711) (0.0586) (0.0129)

Truncated 0.1600 0.2279 0.1603 0.0230 −2902:6 1044.4 830.7
(0.0430) (0.0610) (0.0502) (0.0120)

(b) n = 1000; censoringpoint = 99

0.10 Censored 0.0004 0.0011 −0:0003 −0:0002 −2985:0 1001.4 856.9 5.39
(0.0256) (0.0373) (0.0308) (0.0047)

Truncated 0.0205 0.0837 0.0570 0.0055 −2979:6 1040.0 934.1
(0.0242) (0.0350) (0.0288) (0.0044)

0.20 Censored 0.0026 0.0076 0.0044 −0:0002 −3035:2 999.8 780.7 4.28
(0.0375) (0.0534) (0.0443) (0.0085)

Truncated 0.0531 0.1075 0.0735 0.0089 −3030:4 1036.4 883.2
(0.0344) (0.0498) (0.0413) (0.0082)

0.30 Censored 0.0057 0.0046 0.0073 −0:0003 −2972:1 998.1 722.9 3.67
(0.0505) (0.0674) (0.0561) (0.0126)

Truncated 0.0846 0.1240 0.0894 0.0112 −2967:4 1029.6 841.4
(0.0453) (0.0626) (0.0520) (0.0121)
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Table 1 (continued)


 Data Bias and s.e. Goodness of ;t %

0 1 2 
 LL Deviance �2 Censored

(c) n = 500; censoringpoint = 99

0.10 Complete 0.0029 0.0097 0.0062 0.0009 −1449:9 512.4 487.2
(0.0355) (0.0490) (0.0414) (0.0067)

Censored 0.0017 0.0035 0.0018 0.0004 −1424:9 501.2 438.0 4.35
(0.0360) (0.0516) (0.0434) (0.0070)

Truncated 0.0221 0.0692 0.0513 0.0059 −1442:5 520.3 471.1
(0.0343) (0.0487) (0.0408) (0.0066)

0.20 Complete 0.0111 0.0159 0.0136 0.0009 −1475:2 510.7 470.9
(0.0512) (0.0697) (0.0591) (0.0122)

Censored 0.0040 0.0017 0.0033 −0:0003 −1453:4 500.0 399.4 3.69
(0.0537) (0.0740) (0.0623) (0.0125)

Truncated 0.0541 0.0887 0.0670 0.0087 −1450:4 517.4 445.7
(0.0494) (0.0693) (0.0583) (0.0120)

0.30 Complete 0.0212 0.0255 0.0163 0.0021 −1447:5 506.8 460.5
(0.0673) (0.0870) (0.0736) (0.0179)

Censored 0.0092 0.0071 0.0023 0.0007 −1427:7 498.1 372.6 3.27
(0.0724) (0.0932) (0.0780) (0.0184)

Truncated 0.0870 0.1143 0.0790 0.0122 −1424:4 512.9 426.6
(0.0651) (0.0865) (0.0726) (0.0177)

repetitions and then averaged. We also computed the percentage of censored y-values in
each of the 500 repetitions and these percentages were averaged as well. We computed
the bias by subtracting the average of each parameter estimate from the actual parameter
value. These biases and the average standard errors are reported in Tables 1 and 2.
Each standard error is reported in parentheses under its corresponding bias.

In Tables 1 and 2, the CGPR model is the best in terms of bias. The CGPR model
has the smallest bias when compared to the results of standard GPR model in ;tting
the Complete data and Truncated data. The result from the Truncated data is the worst
in terms of bias. For many of the results for Truncated data, the biases are large and
are not within the estimated standard errors. The ;t from CGPR model has the largest
standard errors. Even though the standard errors in ;tting the Truncated data is the
smallest, but the bias is too large to make GPR in (2.1) an appropriate model to use
for the Truncated data. In comparison, the CGPR model seems to be most appropriate
in ;tting the Censored data.
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Table 2
Bias and standard error (s.e.): (0; 1; 2) = (2:0; 0:2; 0:2)


 Data Bias and s.e. Goodness of ;t %

0 1 2 
 LL Deviance �2 Censored

(a) n = 1000; censoringpoint = 12

−0:01 Complete −0:0002 −0:0001 0.0004 0.0002 −2329:2 1028.4 999.3
(0.0110) (0.0107) (0.0100) (0.0025)

Censored −0:0001 −0:0001 0.0004 0.0002 −2049:1 825.8 860.1 13.17
(0.0112) (0.0115) (0.0110) (0.0032)

Truncated 0.0189 0.0303 0.0338 0.0142 −2238:5 1104.9 1060.2
(0.0099) (0.0095) (0.0088) (0.0024)

−0:02 Complete −0:0002 −0:0000 0.0003 0.0002 −2244:3 1027.6 999.5
(0.0102) (0.0097) (0.0090) (0.0022)

Censored −0:0003 −0:0002 0.0002 0.0002 −2021:3 859.6 895.2 12.25
(0.0103) (0.0105) (0.0100) (0.0028)

Truncated 0.0135 0.0293 0.0334 0.0111 −2170:2 1093.8 1055.9
(0.0093) (0.0087) (0.0080) (0.0022)

−0:03 Complete −0:0002 0.0000 0.0003 0.0001 −2148:7 1026.5 999.5
(0.0093) (0.0085) (0.0078) (0.0019)

Censored −0:0002 0.0002 0.0003 0.0001 −2002:8 913.0 946.0 11.24
(0.0094) (0.0095) (0.0090) (0.0025)

Truncated 0.0084 0.0292 0.0346 0.0076 −2093:9 1073.7 1041.9
(0.0087) (0.0079) (0.0071) (0.0019)

(b) n = 1000; censoringpoint = 15

−0:01 Censored −0:0001 −0:0001 0.0003 0.0002 −2284:4 983.8 956.9 3.53
(0.0110) (0.0109) (0.0104) (0.0027)

Truncated 0.0031 0.0090 0.0110 0.0041 −2307:6 1054.8 1020.1
(0.0107) (0.0103) (0.0097) (0.0025)

−0:02 Censored −0:0002 −0:0001 0.0002 0.0002 −2229:7 1004.9 973.9 2.80
(0.0102) (0.0099) (0.0094) (0.0024)

Truncated 0.0012 0.0080 0.0104 0.0027 −2230:1 1046.2 1015.0
(0.0099) (0.0094) (0.0087) (0.0022)

−0:03 Censored −0:0002 0.0000 0.0003 0.0001 −2142:4 1018.6 993.0 2.13
(0.0093) (0.0088) (0.0083) (0.0021)

Truncated −0:0006 0.0081 0.0116 0.0010 −2142:2 1030.8 1002.2
(0.0092) (0.0085) (0.0076) (0.0019)
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Table 2 (continued)


 Data Bias and s.e. Goodness of ;t %

0 1 2 
 LL Deviance �2 Censored

(c) n = 500; censoringpoint = 12

−0:01 Complete 0.0004 0.0003 −0:0006 0.0005 −1158:5 515.0 500.1
(0.0154) (0.0157) (0.0147) (0.0036)

Censored 0.0003 −0:0001 −0:0008 0.0004 −1125:0 459.0 434.3 11.89
(0.0158) (0.0170) (0.0157) (0.0045)

Truncated 0.0204 0.0295 0.0261 0.0136 −1117:7 551.3 529.1
(0.0140) (0.0140) (0.0132) (0.0035)

−0:02 Complete 0.0002 0.0004 −0:0006 0.0004 −1117:2 514.6 500.2
(0.0142) (0.0142) (0.0133) (0.0032)

Censored 0.0001 0.0001 −0:0009 0.0004 −1092:5 468.5 449.7 10.95
(0.0145) (0.0155) (0.0143) (0.0040)

Truncated 0.0154 0.0291 0.0243 0.0108 −1083:8 547.3 528.2
(0.0131) (0.0127) (0.0121) (0.0032)

−0:03 Complete 0.0003 0.0003 −0:0004 0.0004 −1071:1 514.2 500.3
(0.0130) (0.0125) (0.0119) (0.0028)

Censored 0.0002 −0:0001 −0:0008 0.0003 −1056:5 481.5 468.4 9.94
(0.0132) (0.0140) (0.0129) (0.0035)

Truncated 0.0110 0.0297 0.0231 0.0078 −1046:0 540.7 524.0
(0.0122) (0.0114) (0.0111) (0.0028)

From Tables 1(a)–(c), we observe that the standard error is an increasing function
of 
. The bias is also an increasing function of 
. When the censoring constant C =99
or the percentage of censored y-values is about 5%, the GPR model still perform
poorly in ;tting the Truncated data. The greater the percentage of censored y-values,
the larger the bias. When 
 is negative, the CGPR model performs almost as good as
;tting the GPR model to the Complete data. The simulation study supports the use of
CGPR model for a Censored data. If the censoring is not taken into account and GPR
model (2.1) is used to ;t a censored data, the estimates are highly biased as reported
in Tables 1 and 2. The results for n = 500 in Tables 1(c) and 2(c) are similar to the
results for n = 1000 in Tables 1(a,b) and 2(a,b).

In examining the goodness of ;t statistics, the CGPR model gives the best results for
deviance and generalized chi-square statistics. The log-likelihood from ;tting the GPR
model to the Truncated data is the best. We note here that the result for the Complete
data is expected to be the ideal. It is remarkable that the CGPR model performs better
than ;tting the GPR model to the Complete data.
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6. Numerical example

Wang and Famoye (1997) analyzed a data set on fertility from Michigan Panel Study
of Income Dynamics (PSID). PSID is a large national longitudinal data set that began
in 1968 with approximately 5500 households. The sample has been followed each
year since 1968. From the wave in 1989 interviewing year, Wang and Famoye (1997)
selected married women aged between 18 and 40 who are not head of households and
with nonnegative family income. With this restriction, only 1954 married women were
used in the analysis. For the purpose of illustrating CGPR model in this paper, we
drop the restriction on age and this leads to a sample of 2936 married women. The
dependent variable, the total number of children up to 17 years old in a family, is a
nonnegative integer ranging from zero to nine in the sample.

The mean 1.2922 and variance 1.5016 of the dependent variable are somehow close.
This suggests that the data may be equi-dispersed and thus either the Poisson regression
model or the GPR model will be adequate for analyzing the data. The purpose of this
example is to demonstrate censoring and not to show which independent variable is
signi;cant.

We have used both the Poisson regression and generalized Poisson regression (GPR)
models to analyze the complete data set without any censoring. About 4.22% of the
samples have dependent variable yi¿ 4. To see the e2ects of censoring on the data, we
took the values of all yi’s greater than or equal to 4 to be exactly equal to 4 (Truncated
data). The new data is analyzed by using both the standard Poisson regression and
standard GPR models. In the analyses, we assume that the complete data has yi =
0; 1; 2; 3; 4. Finally, we consider all values of yi¿ 4 as censored and applied censored
Poisson regression and CGPR models to the data. The parameter estimates with their
standard errors under the Poisson and censored Poisson regression models are presented
in Table 3. The corresponding results for the GPR and CGPR models are given in
Table 4.

In column 2 of Tables 3 and 4, we present the parameter estimates when the com-
plete data (i.e. yi = 0; 1; 2; : : : ; 9) is analyzed. The parameter estimates in column 3
of the tables are the results obtained after setting all values of yi¿ 4 to 4 and
analyzing the Truncated data with standard Poisson regression and standard GPR
models. The estimates in columns 2 and 3 are somehow di2erent especially for the
GPR model in Table 4. The results in column 4 represent the estimates from cen-
sored Poisson regression and CGPR models. The estimates in column 4 are much
closer to the results in column 2. The implication is that analyzing the Truncated data
without taking into consideration the censoring will lead to ineTcient estimates. The
asymptotically normal Wald type “t”-values for testing the signi;cance of parameter

 in CGPR are respectively −1:22, −4:19, and −1:04 for columns 2, 3, and 4. It is
interesting to note that parameter 
 is signi;cant only in column 3. Thus, the complete
data and the Truncated data gave conLicting results when standard regression models
are used for analysis whereas the complete data and the censored data gave similar
results when censored models are used to analyze the censored data. This analysis sup-
ports the point that censoring should be taken into consideration when a censored data
is used.
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Table 3
Parameter estimates for Poisson and censored Poisson regression

Parameter Poisson model Poisson model for Censored Poisson for
for complete data truncated data censored data
yi = 0; 1; : : : ; 9 yi = 0; 1; 2; 3; 4 yi = 0; 1; 2; 3; 4

0 2:0686 ± 0:1511 2:0200 ± 0:1520 2:0711 ± 0:1528
1 −0:2657 ± 0:0356 −0:2524 ± 0:0359 −0:2629 ± 0:0360
2 −0:0193 ± 0:0041 −0:0181 ± 0:0041 −0:0177 ± 0:0041
3 −0:1226 ± 0:0651 −0:0974 ± 0:0655 −0:1055 ± 0:0656
4 −0:2811 ± 0:0379 −0:2729 ± 0:0382 −0:2846 ± 0:0382
5 0:3057 ± 0:0575 0:2973 ± 0:0576 0:3026 ± 0:0577
6 −0:0050 ± 0:0087 −0:0037 ± 0:0088 −0:0051 ± 0:0088
7 0:0035 ± 0:0071 0:0016 ± 0:0072 0:0023 ± 0:0072
8 −0:0143 ± 0:0187 −0:0135 ± 0:0188 −0:0132 ± 0:0188
9 −0:0211 ± 0:0038 −0:0225 ± 0:0039 −0:0230 ± 0:0039
10 −0:0147 ± 0:0066 −0:0149 ± 0:0066 −0:0154 ± 0:0067
11 0:0118 ± 0:0078 0:0130 ± 0:0078 0:0129 ± 0:0079
12 −0:0545 ± 0:0340 −0:0545 ± 0:0342 −0:0593 ± 0:0342

Pearson �2 2936.78 2781.22 2752.82
log-likelihood −4039:00 −3990:55 −3992:00

Table 4
Parameter estimates for GPR and censored GPR models

Parameter GPR model for GPR model for Censored GPR for
complete data truncated data censored data
yi = 0; 1; : : : ; 9 yi = 0; 1; 2; 3; 4 yi = 0; 1; 2; 3; 4

0 2:0549 ± 0:1488 1:9745 ± 0:1430 2:0542 ± 0:1510
1 −0:2665 ± 0:0350 −0:2554 ± 0:0336 −0:2620 ± 0:0353
2 −0:0188 ± 0:0041 −0:0166 ± 0:0039 −0:0173 ± 0:0041
3 −0:1228 ± 0:0643 −0:0976 ± 0:0624 −0:1048 ± 0:0648
4 −0:2797 ± 0:0371 −0:2680 ± 0:0355 −0:2822 ± 0:0375
5 0:3047 ± 0:0567 0:2935 ± 0:0552 0:3010 ± 0:0570
6 −0:0054 ± 0:0086 −0:0049 ± 0:0083 −0:0054 ± 0:0087
7 0:0034 ± 0:0070 0:0015 ± 0:0067 0:0022 ± 0:0071
8 −0:0139 ± 0:0183 −0:0121 ± 0:0176 −0:0129 ± 0:0185
9 −0:0211 ± 0:0038 −0:0223 ± 0:0037 −0:0229 ± 0:0038
10 −0:0146 ± 0:0065 −0:0147 ± 0:0064 −0:0152 ± 0:0066
11 0:0118 ± 0:0077 0:0130 ± 0:0074 0:0129 ± 0:0077
12 −0:0541 ± 0:0334 −0:0567 ± 0:0321 −0:0587 ± 0:0336

 −0:0117 ± 0:0096 −0:0404 ± 0:0096 −0:0115 ± 0:0111

Pearson �2 2933.37 2769.96 2751.80
Log-likelihood −4038:29 −3982:93 −3988:39

The example presented in Tables 3 and 4 demonstrate censored regression models
with a constant censoring threshold. Variable censoring threshold is a situation where
Yi¿C is replaced with say xi¿C or xi6C. In our numerical example, the dependent
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variable is the number of children up to 17 years old in a family. There is possibility
of having adopted children or one spouse having children from a previous marriage.
Suppose we have a dependent variable representing the number of births by a woman
after the end of her fertile period. Only part of all births by younger women is observed.
For all younger women (e.g. with age xi6C), Yi¿yi and the data is censored for
xi6C. The CGPR model in Section 2 can be used to ;t such data.

7. Conclusion

The censored generalized Poisson regression model is de;ned in the paper. The cen-
sored Poisson regression model is applicable to equi-dispersed data while the censored
negative binomial regression model is applicable to over-dispersed data. Quite often,
we do have under-dispersed data. Furthermore, it is hard to know the type of dispersion
exhibited by a censored data. Hence, a censored generalized Poisson regression model
that can accommodate any kind of dispersion should be applied. This model is more
versatile than the censored Poisson regression and censored negative binomial regres-
sion models. In our simulation study, the CGPR model outperforms the GPR model
in terms of biases. We recommend the use of censored generalized Poisson regression
model for any count data with constant or variable censoring threshold. The numerical
example in the paper and the simulation study both demonstrate that one obtains a
di2erent result when censoring is not taken into consideration.

Appendix

From (2.4), P(�i;yi) = 1 −∑yi−1
j=0 p(�i;yi), where p(�i;yi) is given by (2.1).

The partial derivatives of p(�i;yi) with respect to 
 and r are, respectively, given
by

@p(�i;yi)
@


= p(�i;yi)
{

yi(yi − 1)
1 + 
yi

− �iyi

1 + 
�i
− �i(yi − �i)

(1 + 
�i)2

}
(A)

and
@p(�i;yi)

@r
= p(�i;yi)

(yi − �i)xr

(1 + 
�i)2 : (B)

Therefore,

@P(�i;yi)
@


= −
yi−1∑
j=0

@p(�i;yi)
@


;

where @p(�i;yi)=@
 is given by (A) and

@p(�i;yi)
@r

= −
yi−1∑
j=0

@p(�i;yi)
@r

;

where @p(�i;yi)=@r is given by (B).
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